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The paper 



Self-propelled particles 

• They are not uniquely driven by thermal 

fluctuations. 

• They can also pump energy from their 

environment to self-propel themselves. 

• Example: Cells. 



Minimal model 

• A minimal model to study the impact of 

self-propulsion on the dynamics of dense 

assemblies of self-propelled particles. 

• This allows us to interpolate smoothly 

between the well-known (but already 

complex) equilibrium glassy dynamics, 

and the driven active case. 



Minimal model 

• By contrast with detailed numerical studies 

of active matter at moderate densities, this 

model incorporates active motion following 

the simplest models of active matter 



The model 

• Two spatial dimensions. 

• To capture crowding effects, we use a 

50∶50 binary mixture of hard disks with 

diameter ratio 
𝜎1

𝜎2
=1.4, which both 

suppresses crystallization and displays 

realistic glassy dynamics at equilibrium. 

• The hard-sphere model does not require 

the introduction of an energy scale. 



The model 



Glassy dynamics 

• Off-lattice Monte Carlo simulations were 

used to study the glassy dynamics of the 

model. 

• At equilibrium, at time t, a particle is 

chosen at random and a small random 

displacement 𝛿𝑖 𝑡 = 𝛿0휀𝑖 𝑡  is proposed. 

• 𝛿0 is the typical displacement and 휀𝑖 𝑡  is a 

random vector with 휀𝑖 𝑡 = 1. 



Glassy dynamics 

• The move is accepted provided it creates 

no overlap with another hard disk. 

• 𝛿0 is adjusted by seeking acompromise 

between a small value (where the method 

becomes equivalent to Langevin 

dynamics) and a large value (creating 

unphysical nonlocal moves).  

• It was used 𝛿0=0,1𝜎1 



Glassy dynamics 

• Time scales are expressed in Monte Carlo 

steps, such that one time unit 

𝜏𝑚𝑐 represents N attempted particle 

moves. 



The new kid in town 

• We introduce a self-propulsion mechanism 

using a persistence time scale, 𝜏, defined 

as a finite time scale governing rotational 

diffusion so that our model falls into the 

class of “apolar active particles,” 

characterized in particular by the absence 

of any alignment rule. 



The new kid in town 

• We introduce temporal correlations 

between successive attempted 

displacements at times t and t´. 

𝛿𝑖 𝑡 = 𝛿𝑖 𝑡´ + 𝛿1휀𝑖 𝑡  

Constraining 𝛿𝑖,𝛼 ≤ 𝛿0and 𝛿1 ≤ 𝛿0 

 

 



The new kid in town 

• The particle move is only accepted if it 

creates no overlap between particles, but 

the random displacement is updated 

independently of the acceptance condition. 

• that particle displacements have the same 

amplitude as in equilibrium, but they now 

keep a memory of previous displacements 

over a finite time scale,𝜏 =
𝛿0

𝛿1

2
 

 

 



The new kid in town 

• Self-propulsion is uniquely characterized 

by 𝜏. 

• The model efficiently captures the 

competition between steric hindrance 

(controlled by 𝜑) and self-propulsion 

(controlled by 𝜏). 

 

 



The new kid in town 

• Extensive simulations in the steady state 

were performed varying 𝜑, 𝜏 , typically 

using 𝑁 = 103 particles. 

• We concentrate on the large-density 

regime. 

 



Simulations 

• Description of the glassy dynamics 

observed when 𝜑 increases in the 

absence of self-propulsion, 𝜏 = 0. 

• The time dependence of the mean-

squared displacement is shown. 

∆𝑟2 𝑡 = 𝑟𝑖 𝑡 − 𝑟𝑖 0 2  



Simulations 



Simulations 

• Glassy dynamics for (a), (c) equilibrium 

and (b), (d) self-propelled hard disks with 

persistence time 𝜏 = 102. 

• While particles diffuse rapidly for moderate 

packing fractions, diffusion slows down 

dramatically as 𝜑 increases. 



Simulations 

• Glassy dynamics for (a), (c) equilibrium 

and (b), (d) self-propelled hard disks with 

persistence time 𝜏 = 102. 

• While particles diffuse rapidly for moderate 

packing fractions, diffusion slows down 

dramatically as 𝜑 increases. 



Simulations 

• Another signature of glassy dynamics is 

the emergence of the intermediate-time 

plateau in (a), indicating that particle 

dynamics is essentially a “caged” motion 

at intermediate times. 



Simulations 

• The self-intermediate scattering function. 

𝐹𝑠 𝑞, 𝑡 = 𝑒𝑖𝑞. 𝑟𝑖 𝑡 −𝑟𝑖 0  

• Which quantifies dynamics occurring over 

a length 
2𝜋 
𝑞

. 

• The typical interparticle distance 𝑞 = 6,2 

 

 

 



Simulations 

• Turning to self-propelled particles (b) and 

(d), we find that dynamics again becomes 

slower as 𝜑 increases. Clear differences 

with the equilibrium situation already 

emerge for moderate densities and short 

times, where active particles move 

ballistically as a direct result of self-

propulsion. 

 

 



Simulations 

• At larger densities, the plateau in 𝐹𝑠 𝑞, 𝑡 is 

less pronounced for self-propelled than for 

equilibrium particles. Mean-squared 

displacements take lower values at short 

times, showing that cage dynamics is 

profoundly affected by the particle activity. 

 



Simulations 

• Diffusive motion is, for instance, still 

observed for 𝜑 = 0.823 and 𝜏 = 102, while 

it is fully arrested at this density at 

equilibrium. These observations reveal 

that the nature of the glass transition is 

dramatically modified for active particles. 



Simulations 



Simulations 

• This is the displacement map for self-

propelled disks with for 𝜑 = 0.823 and 

𝜏 = 102 over a time t≈1.5×10
7
 

corresponding to structural relaxation. It 

shows the emergence of collective motion 

correlated over large distances in dense 

assemblies of active particles. 



Simulations 



Simulations 

• We extract the long-time self-diffusion 

constant, Ds, from its definition: 

𝐷𝑠 = lim
𝑡→∞

∆𝑟2 𝑡

4𝑡
 

• 𝐷𝑠 decreases sharply upon increasing 𝜑. 

 

 



Simulations 

• First, increasing 𝜏 slows down diffusion as 

particles need to wait at least a time scale 

𝜏 to see their orientation diffuse 

significantly. This effect dominates at 

moderate densities, where 𝐷𝑠 decreases 

with increasing 𝜏. 



Simulations 

• However, self-propulsion has a less trivial 

effect at large 𝜑, where it accelerates the 

dynamics dramatically. 



Simulations 

• Our simple model of self-propelled hard 

disks displays a nonequilibrium form of 

dynamic arrest, despite the presence of 

driving forces with finite amplitude. 



Simulations 

• We quantify the effect of the self-

propulsion on the location of the glass 

transition by extracting a critical density 𝜑𝑐 

using a power-law description: 

𝐷𝑠~ 𝜑𝑐 − 𝜑 𝛾 



Simulations 



Simulations 

• The evolution with 𝜏 of the fitted 𝜑𝑐 shows 

that it increases continuously, departing 

from its equilibrium value as soon as a 

finite persistence time 𝜏 > 0 is introduced. 



Conclusion 

• Self-propelled particles undergo a 

nonequilibrium form of a glass transition at 

large density that is distinct from its 

equilibrium counterpart, and characterized 

by the emergence of a new form of 

collective motion 


