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INTRODUCTION 

Cell lineages: Pathways of differentiation that begin with 

a stem cell (SC), progress through some number of self-

renewing progenitor stages, and end with one or more 

terminally differentiated (TD) cells. 

 

The dynamics of such lineages will be written as a 

system of ordinary differential equations (ODEs). 

 

Within this framework, feedback or feedforward effects 

may be represented as dependencies of parameters 

upon the number of cells of each stage. 

 



SIMPLEST MODEL 

A single type of SC that gives rise directly to a single 

type of TD cell that then turns over with a constant half-

life. 



SIMPLEST MODEL 

The equivalent mathematical system is: 

𝑑𝑥0
𝑑𝑡
= 2𝑃 − 1 𝑥0 

 
𝑑𝑥1
𝑑𝑡
= 2 1 − 𝑃 𝑥0 − δ𝑥1 



SIMPLEST MODEL 

TD cells are a source of both negative and positive feedback. 

𝑃 = 𝑝
1

1 + 𝛾𝑥1

ϕ𝑥1
1 + ϕ𝑥1

 



SIMPLEST MODEL 

Steady states: 

𝑥1 =
𝑥0
δ
= 0 

𝑥1 =
𝑥0
δ
=
−𝛾 − ϕ + 2𝑝ϕ − −4𝛾ϕ + −𝛾 − ϕ + 2𝑝ϕ 2

2𝛾ϕ
 

𝑥1 =
𝑥0
δ
=
−𝛾 − ϕ + 2𝑝ϕ + −4𝛾ϕ + −𝛾 − ϕ + 2𝑝ϕ 2

2𝛾ϕ
 

The first state is stable, the second is unstable and the third is 

stable. 



SIMPLEST MODEL 

The criterion for bistability—in which either of the two stable 

states is available for a single set of parameters—is the 

condition that p>0.5 (stem cells must be capable of renewing 

more than 50% of the time) and: 

ϕ

δ
>
1 + 2𝑝 + 2 2𝑝

1 − 4𝑝 + 4𝑝2
 

Using the maximum feasible value of 1 for p, the minimum of 

this ratio is arround 5.8. In other words, bistability requires 

that positive feedback on progenitor self-renewal be at least 

5.8 times stronger than negative feedback. 



SIMPLEST MODEL 



FINAL STATE MODEL 

In some tissues, TD cells last for the lifetime of the 

organism (e.g. in the nervous system), with SC either 

disappearing, or becoming quiescent. Such tissues may 

be modeled by setting the turnover rate δ to zero, 



FINAL STATE MODEL 

The equivalent mathematical system is: 

𝑑𝑥0
𝑑𝑡
= 2𝑃 − 1 𝑥0 

 
𝑑𝑥1
𝑑𝑡
= 2 1 − 𝑃 𝑥0 



FINAL STATE MODEL 

TD cells are a source of both negative and positive feedback. 

𝑃 = 𝑝
1

1 + 𝛾𝑥1

ϕ𝑥1
1 + ϕ𝑥1

 



FINAL STATE MODEL 

If we integrate in 𝑥1: 

𝑥1 =  2 1 − 𝑝
1

1 + 𝛾𝑥1

ϕ𝑥1
1 + ϕ𝑥1

𝑥0𝑑𝑡
𝑡

0

 

As t→∞, this integral converges only if 𝑥0→0, which is 

guaranteed by the fact that, for sufficiently large 𝑥1, 
𝑑𝑥0

𝑑𝑡
 

necessarily falls below 0. There are then two interesting 

regimes to consider: when 
𝑑𝑥0

𝑑𝑡
< 0 at all times—this is 

what occurs if there is only negative feedback on P—

and when 
𝑑𝑥0

𝑑𝑡
 spends some time in positive territory, 

which can occur if positive feedback is sufficiently strong 

relative to negative. 



FINAL STATE MODEL 

We can find the values of 𝑥1 at which 
𝑑𝑥0

𝑑𝑡
  changes sign: 

𝑥1
𝑐𝑟𝑖𝑡𝑙𝑜𝑤 =

−𝛾 − ϕ + 2𝑝ϕ − −4𝛾ϕ + −𝛾 − ϕ + 2𝑝ϕ 2

2𝛾ϕ
 

𝑥1
𝑐𝑟𝑖𝑡ℎ𝑖𝑔ℎ =

−𝛾 − ϕ + 2𝑝ϕ + −4𝛾ϕ + −𝛾 − ϕ + 2𝑝ϕ 2

2𝛾ϕ
 

For 𝑥1
𝑐𝑟𝑖𝑡𝑙𝑜𝑤 and 𝑥1

𝑐𝑟𝑖𝑡ℎ𝑖𝑔ℎ to be positive and real, the same 

lower bound on ϕ/γ exists as is required for bistability of the 

steady state system. 



FINAL STATE MODEL 

Essentially, the qualitative dynamics of the final system can 

be understood by following the trajectories of 𝑥1 relative to 

𝑥1
𝑐𝑟𝑖𝑡𝑙𝑜𝑤 and 𝑥1

𝑐𝑟𝑖𝑡ℎ𝑖𝑔ℎ. When either 𝑥1 > 𝑥1
𝑐𝑟𝑖𝑡ℎ𝑖𝑔ℎ, or 0 < 𝑥1 < 

𝑥1
𝑐𝑟𝑖𝑡𝑙𝑜𝑤, 𝑥0 proceeds monotonically to extinction. When 𝑥1 

lies between 𝑥1
𝑐𝑟𝑖𝑡𝑙𝑜𝑤  and 𝑥1

𝑐𝑟𝑖𝑡ℎ𝑖𝑔ℎ, both 𝑥0 and 𝑥1 grow; this 

persists until 𝑥1 breaches 𝑥1
𝑐𝑟𝑖𝑡ℎ𝑖𝑔ℎ, at which point 

𝑑𝑥0

𝑑𝑡
 switches signs and 𝑥0 again monotonically shrinks. We 

refer to the region between 𝑥1
𝑐𝑟𝑖𝑡𝑙𝑜𝑤  and 𝑥1

𝑐𝑟𝑖𝑡ℎ𝑖𝑔ℎ as the 

“growth leap” regime, because within it both SC and TD cells 

undergo transient expansion, whereas outside of it SC pools 

always contract. 



FINAL STATE MODEL 



MORE COMPLEX LINEAGES 

We consider a three-stage, steady-state lineage, in 

which we also alter the source and target of positive 

feedback. In this particular scenario, an intermediate, 

committed progenitor (CP) is the target of all feedback, 

and a constant influx of progenitor cells from a stem cell 

source guarantees non-extinction of the CP pool (we 

assume that the SCs are in equilibrium). Negative 

feedback from TD cells is now mixed with positive 

feedback from CP cells themselves. 



MORE COMPLEX LINEAGES 

The equivalent mathematical system is: 

𝑑𝑥0
𝑑𝑡
= 0 

 
𝑑𝑥1
𝑑𝑡
= 휀𝑥0 + 2𝑃 − 1 𝑥1 

 
𝑑𝑥2
𝑑𝑡
= 2 1 − 𝑃 𝑥1 − 𝛿𝑥2 



MORE COMPLEX LINEAGES 

Negative feedback from TD cells is now mixed with positive 

feedback from CP cells themselves: 

𝑃 = 𝑝
1

1 + 𝛾𝑥2

ϕ𝑥1
1 + ϕ𝑥1

 



MORE COMPLEX LINEAGES 

As observed in the analysis of the two-stage lineage, we see 

here that the ratio ϕ/γ, which captures the relative strength of 

positive versus negative feedback, plays a determining role in 

the emergence of bistability and ultrasensitivity, although now 

both stable states are non-zero 



CONCLUSION 

Feedback regulation of stem or progenitor cell self-renewal 

can lead to growth bistability or bimodality, with ultrasensitive 

switching between high and low (or zero) growth states. A 

necessary condition for such behavior is the simultaneous 

presence of saturable positive and negative feedback. 

 

We have proposed a mathematical model for such system 

and we have analized the behaviour of its steady states. We 

have set a criterion for the emergence of bistability in such 

system.  



THANK YOU 


