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OUTLINE 

Previously on SBOJC. 

 

Taking account of space. 

 

Exogenous triggering of growth and 

growth-arrest. 

 

From buds to self-organizing fingers. 

 

Conclusion. 



PREVIOUSLY ON SBOJC 

Cell lineages: Pathways of differentiation that begin with 

a stem cell (SC), progress through some number of self-

renewing progenitor stages, and end with one or more 

terminally differentiated (TD) cells. 

 

The dynamics of such lineages will be written as a 

system of ordinary differential equations (ODEs). 

 

Within this framework, feedback or feedforward effects 

may be represented as dependencies of parameters 

upon the number of cells of each stage. 

 



PREVIOUSLY ON SBOJC 

A single type of SC that gives rise directly to a single 

type of TD cell that then turns over with a constant half-

life. 



PREVIOUSLY ON SBOJC 

The equivalent mathematical system is: 

𝑑𝑥0
𝑑𝑡

= 2𝑃 − 1 𝑥0 

 
𝑑𝑥1
𝑑𝑡

= 2 1 − 𝑃 𝑥0 − δ𝑥1 



PREVIOUSLY ON SBOJC 

TD cells are a source of both negative and positive feedback. 

𝑃 = 𝑝
1
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TAKING ACCOUNT OF SPACE 

Diffusible molecules that mediate feedback will naturally form 

spatial gradients, so that the concentrations of feedback 

factors—and thus the effects of feedback—will differ at 

different locations.  

 

Growth may displace (advect) both cells and diffusible 

molecules to potentially different degrees at different 

locations. 

 

Boundary conditions (i.e. the disposition of molecules and 

cells when they reach natural tissue boundaries) may 

influence both cell behaviors and molecular gradients. 



TAKING ACCOUNT OF SPACE 

We re-interpret the variables of the previous model as 

representing a local measure of cell concentration.  

 

We add additional equations for the spatial distributions of 

negative and positive feedback factors, which we refer to as 

G and F, respectively. 

 

 Because the time-evolution of the distributions of these 

molecules is expected to be much faster than time scales of 

growth, we assume a quasisteady state distribution for them. 

 

We allow G to be produced by TD cells; F to be produced by 

CP cells, TD cells or both; and in some cases also consider 

the potential effects of external sources of G or F (e.g., 

stromal cells).  



TAKING ACCOUNT OF SPACE 

The self-renewal fraction of the CPs is regulated the 

concentrations of G and F: 

The concentration [F] satisfies the quasi-steady reaction-

diffusion equation: 

For [G] is analogous to [F]. 



TAKING ACCOUNT OF SPACE 

The external sources are modeled as: 

Here χs is the volume fraction of the stroma, AF is a 

prescribed Gaussian source centered at the lower left corner 

of the computational region. F is produced in the stroma at a 

rate proportional to its difference from a target concentration 

AF with a proportionality constant αF. Given the computational 

domain {(x,y)| −20 ≤ x ≤ 20,−10 ≤ y ≤ 10}: 



TAKING ACCOUNT OF SPACE 

The external sources are modeled as: 

With: 



TAKING ACCOUNT OF SPACE 

The volume fractions of CP (χ1) and TD (χ2) satisfy the mass 

conservation equation : 

With: 

The SC population is restricted to the basement membrane 

(BM) and set to self-renew with probability 1/2. 



TAKING ACCOUNT OF SPACE 

From the generalized Fick’s law : 

With: 



TAKING ACCOUNT OF SPACE 

And: 

P can be solved: 

With: 



EXOGENOUS TRIGGERING OF 

GROWTH AND GROWTH-ARREST 

We consider an epithelial tissue in which the ϕ/γ ratio would 

not normally be sufficient to sustain continued growth, but an 

exogenous point source of F is placed near the basement 

membrane: 





EXOGENOUS TRIGGERING OF 

GROWTH AND GROWTH-ARREST 

Interestingly, once a bud is induced, it may sustain its growth 

independently after the F-source is removed. This is shown in 

next figure part A, in which the exogenous source is shut off 

after the 12th cell cycle. 

 

Just as a transient exogenous positive signal can initiate a 

self-sustaining process of local epithelial growth, an 

exogenous source of G can also shut off growth. The 

simulation in part B begins in the same way as in part A, with 

a transient source of F applied for 12 cell cycles, but following 

its removal a transient source of G is applied from the 15th to 

18th cell cycle. 





FROM BUDS TO SELF-ORGANIZING 

FINGERS 

The sorts of buds that appear in the previous simulations are 

simple, expanding balloonlike structures, with relatively little 

spatial organization. One reason for this is that the domains 

being simulated are relatively small compared with the ranges 

over which diffusible factors spread. To explore whether more 

intricate structures can be formed, it is necessary to “zoom 

out”, either by increasing the size of the simulated domain 

or—equivalently—reducing the spread of the diffusing 

molecules. In next figures we do the latter, decreasing the 

intrinsic decay lengths of F and G, and adding uptake of the 

negative feedback factor G in the stroma. We start with initial 

conditions from which growth does not spontaneously occur. 







CONCLUSION 

We proposed a mathematical model for a system that takes 

into account space. 

 

Such model has the emergent property of the formation of 

buds and fingers. 
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