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Introduction 

 Surface evolver is a computational program made by 
Kenneth Brake that finds the shape of a surface that 
minimizes the energy of that system under 
constrains. 

 Was successfully used to determine the shape of 
liquids, for example soap bubble. 



Introduction 

 Some examples: 



Mathematical background 

 Finding the minimum of a function with constraint: 
Lagrange Multipliers. 

 A constraint is a function with the form 𝑔 𝑥, 𝑦, … =
𝑐 that the system must follow. For example, we want 
to find the minimum of 𝑓 𝑥, 𝑦  such that 𝑥2 + 𝑦2 = 1. 
In this case 𝑔 𝑥, 𝑦 = 𝑥2 + 𝑦2. 

 



Mathematical background 

 If the system has no constraint, the condition for a 
minimum is: 

∇𝑓 = 0 
 If the system has a constraint g, the condition for a 

minimum is: 
𝛻𝑓 = λ∇𝑔 

 Where λ is a constant known as Lagrange Multiplier. 
 A “correction” is needed. This method is known as the 

method of Lagrange Multipliers. 
 Another known result is that if we restrict f to a surface S, 

then 𝛻𝑓 is perpendicular to S in the position of the 
minimum. 



Mathematical background 

 If we want to find computationally the minimum of a 
function starting from a given configuration, we can 
use the gradient descent method. 

 To find a local minimum of a function using gradient 
descent, one takes steps proportional to the negative 
of the gradient of the function at the current point. 

 
𝑓𝑖𝑛𝑎𝑙 = 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 − 𝛾∇𝑓 



Surface evolver 

 Surface evolver is a program that finds the shape of a 
surface that minimizes the energy of that system 
under constrains starting from a given configuration. 

 The energy of the system must be known before the 
simulation. For example, the system can have 
surface tension. 

 Constraints can be imposed to the system. For 
example, the volume of the system can be always be 
set to some quantity. In this case, the fixed volume is 
the constraint. 

 



Surface evolver 

 For example, in 3d we have a surface that is formed 
by vertices, edges and faces. 

 The first step in an iteration is the calculation of the 
forces on the vertices. The total energy of the surface 
is viewed as a function of the coordinates of the 
vertices. The negative gradient of the energy as a 
function of the position of a single vertex gives the 
force on that vertex. 

 



Surface evolver 

 The second step in an iteration is to enforce 
constraints on body. This has two parts. The first 
part consists of correcting for any errors in the 
current values of the quantities. The second part 
consists of projecting the vertex forces to be 
orthogonal to the quantity gradients. 



Surface evolver 

 Let 𝑊𝑣𝑘 be the gradient of the constraint k as a function of the 
position of vertex v. Let be 𝛿𝑘 the excess value of the quantity k we 
want to have fixed. The correcting motion 𝑅𝑣 of vertex v is 
calculated as: 

𝑅𝑣 =  𝑐𝑘𝑊𝑣𝑘

𝑘

 

 We also ask that for each k: 

 𝑅𝑣.𝑊𝑣𝑘

𝑣

= −𝛿𝑘 

 So: 

 𝑐𝑘  𝑊𝑣𝑘

𝑣

𝑊𝑣𝑘 

𝑘

= −𝛿𝑘  

 This is done several times. 
 
 
 

 



Surface evolver 

 The second part is the projection of the forces. Let 𝐹𝑣 be the total 
force at vertex v. We want a projected force 𝐹𝑣,𝑝𝑟𝑜𝑗 of the form: 

𝐹𝑣,𝑝𝑟𝑜𝑗 = 𝐹𝑣 −  𝑎𝑘𝑊𝑣𝑘

𝑘

 

 We also ask that for each k: 

 𝐹𝑣,𝑝𝑟𝑜𝑗 .𝑊𝑣𝑘

𝑣

= 0 

 So: 

 𝑎𝑘  𝑊𝑣𝑘

𝑣

𝑊𝑣𝑘 

𝑘

=  𝐹𝑣
𝑣

𝑊𝑣𝑘  

 Each vertex is moved by the quantity correction motion plus a scale 
factor times the force at the vertex. 

 
 
 

 



Vertex model 

 In our group we are developing an implementation 
in python of a Vertex model in 2d. 

 We want to model epitelial and confluent tissues: 

Photograph of the imaginal wing disc of Drosophila Melanogaster using confocal microscopy obtained from Staple D.B., 
Farhadifar R., Röper J.C., Aigouy B., Eaton S., Jülicher F., “Mechanics and remodelling of cell packings in epithelia“,  The 
European Physical Journal E, 33, 117–127, (2010). 



Vertex model 

 Cells are modeled as polygons and the forces act on its vertices. 

 Overdamped system with small acceleration. 

 𝐹 𝑖 − η𝑣 𝑖 = 0 

 We define the forces as the gradient of an energy: 

 𝐹 𝑖 = −𝛻𝑖𝐸 

 So: 

𝑣 𝑖 = −
𝛻𝑖𝐸 

η
 

 It can be proven that this dinamics always minimize the energy 
of the system. 



Vertex model 

 Energy: 

𝐸 =  𝜆𝐷 𝐴𝑘 − 𝐴𝑘𝑇

2

𝑘

+  𝜆𝑗𝑑𝑗

𝑗

+  𝜆𝐶 𝑃𝑘 − 𝑃𝑘𝑇

2

𝑘

 



Comparison between models 

 The dynamics of both models is the same. Both 
define an energy and then minimize it using the 
gradient of that energy. 

 Vertex Model is physically driven while Surface 
Evolver is purely mathematically driven.  

 Surface Evolver allows to set constraints to the 
simulation. 

 

 



3d modelling using Surface Evolver 

 In 3d modeling several rearrangements of vertex can 
be done. Some examples of them are: 

 Refining: To refine a triangulation is to subdivide 
each facet to create a finer triangulation. The Evolver 
does this by creating new vertices at the midpoints of 
edges, which it then uses to subdivide each facet into 
four new facets, each similar to the original. 



3d modelling using Surface Evolver 

 Equiangulation: Triangulations work best when the facets are as close 
to equilateral as possible for a given set of vertices. Consider any edge 
as the diagonal of the quadrilateral formed by its adjacent triangles. If 
the angles of the two vertices off of the diagonal add to more than π, 
then the circumcircle criterion is violated, and the diagonal should be 
switched to form a replacement pair of triangles. 



3d modelling using Surface Evolver 

 Annealing, or jiggling: Sometimes it may be desirable to perturb the 
surface to get it off a metastable position. There are both random and 
user definable perturbations possible. 

 Notching edges: A surface can be locally highly curved, resulting in 
facets forming pronounced ridges along edges. One way to selectively 
refine the surface is to just refine around those edges whose adjacent 
facets are too far from parallel, putting a notch in the edge to make it 
more saddle-shaped. 



Conclusion 

 Surface Evolver dynamics were explained.  

 Some features of Surface Evolver can be applied to 
Vertex Model: 

 Constrains: Difficult to justify physically but may be 
useful in some cases. 

 Vertex rearrangement in 3d to allow deformations in 
the tissue. 



    

      Thank you! 


